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This e,."(am consists of fivL' assignments . You get 10 points for free. 

Assign mcnt 1. (5+10 = 15 pt.) 
Let V be a real vector space of dimension four , and let w E A2 (V). Furthermore, 
let cr1, cr2 be linearly independent elements of A i( V). 

1. Suppose there are , 11 , 2 E A1 (V ) such that w - cr1 /\ , 1 + cr2 /\ , z. Prove 
that w \ cr 1 Î\ cri 0. 

2. Suppose 
w /\ er, /\ cr2 - 0. (1) 

Prove t hat there are ,1 1 , z E A i( V) such that 

(2) 

Hint: extend { cr1i cri} to a basis for A 1 ( V), and use this basis to determine 
a basis for A2( V ). 

Assignme nt 2. (10+ 10= 20 pt.) 
T he maps et> 1, cj:> 2 : IR ----* IR are given by cp , ( t ) = t ( so cp 1 is the identity map) 
and cp 2( t ) = t 1 3. Let Ai , i = l i2, be the maxima! atlas on IR containing the 
chart (IRi ep i,) . 

1. Prove that the differentiable structures on IR defined by A1 and A 2 are 
different . 

2. Let Mi, i. = 1 i 2, be the manifold IR equipped with the atlas Ai. Prove 
that M 1 and M 2 are diffeomorphic . 

A ssignme nt 3. (15 pt.) 
Let M = {(x1, x2) E IR2 

1 ¾ < (x1 )2 + (x2)2 ~ 1}, endowed with the topology 
of the ambient space IR2 . Prove that M is a CC,a-manifold with boundary by 
constructing a C00-atlas for M. 

Assignment 4 . (12+8= 20 pt.) 
In this assignment we consider a closed one-form on §n . Here § n is the unit 
sphere in IRn+ 1, as usual. 

1. Prove that w is exact if n ~ 2. (Hint: use an atlas on § n consisting of two 
charts determined by stereographic projection from a pair of antipodal 
points on § n. ) 

2. Prove that w is not necessarily exact if n = 1. 
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Assignment 5. (6+6+8=20 pt.) 

Let En (r ) be the n-dimensional closed ball ofradius r, centered at the origin of 

!Rn, and let the ( n - 1 )-sphere §n- l ( r ) of radius r be its boundary. The radially 

outward pointing unit vector field of §n- l ( r) is 

Let O = dx1 /\ · · · fAn be the volume form on !Rn. 

1. Let Yn (r ) be the volume of En (r ), so Yn(r) = J Bn (r ) 0 . 

Prove that Yn (r ) = rnVn (l ). 

Hint : prove that the map F : Bn (l ) ~ Bn(r ), defined by F(x) = rx, is 

a diffeomorphism. Express f* 0 in 0, and prove that F is orientation 

pres erving. 

2. Prove that the volume form LxO on §n- l (r) is given by 

n ltl 
1 , ( ,i i 1 - . /\ n 

LxO = ~ L -1 rx dx /\ · · · /\ dxt /\ • · • dx . 
i=l 

(Remark: formally, the volume form on §n- l (r ) is i*(LxO), where 

i : §n- l (r) ~ ]Rn is the inclusion map. We don't distinguish between 

i*(LxO) and LxO.) 

3. Let An- 1 (r) be the volume of §n- l (r), so An- 1 (r) = J § n - 1 (r ) LxO. Prove 

that n 
An_i(r) = -Vn(r ). 

r 

Verify this identity for n = 2 and n = 3, given your knowledge of the 

circumference of a circle, etc. 
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